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Examples of induction and coinduction

Inductive situations
@ Finite lists, finite trees, natural numbers

@ Finite traces of a process (“may” termination)
@ Derivation trees with only finitely many inference steps

v,

Coinductive situations

@ Streams and infinite trees
@ Infinite traces of a process (non-termination)

@ Infinite proof trees / circular / self-similar objects
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Mathematical induction

To prove that a property P(n) holds for all natural numbers 1:

(1) Base case: prove ~(0).
(2) Inductive step: prove Vn. P(n) = P(n+1).

Then P(n) holds for all n < IN.

Variants are possible, e.g.
@ strong induction (assume P(k) for all k < n),
@ different base points,

@ induction on other well-founded orders.

Davide Sangiorgi, Peter Thiemann Winter 2025/26 4/26



Example of mathematical induction

n(n+1)
5>

Foralln>1,1+2+---+n =

0-(0+1)
2

Base case (17 — 0). 0 — =2=0.

n(nH).

Induction step. Assume the formula holds for 7,i.e. 1+ 2+ -+ n= —+

Then for n + 1:

n(n-+1
1+2+~~-+n+(n+1):¥+(n+1),

Factor (n -+ 1):

n(n+1) n n+2 (n+1)(n+2)

—— 1) = 1) (= 1)— 1 = :
5 +(n+1)=(n+ )(2+ (n+1) 5 5

Hence the formula holds for n + 1. O

v,
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Reminder: Definition by means of rules

Let U be a set (universe).

Ground rules. A ground rule on U is a pair (S, x) where:
@ S C Uis a (finite) set of premises;
@ x ¢ Uis the conclusion.
We usually write:
S

X
and say: “from all elements of S we may derive x”.

Arule (0, x) is an axiom.
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From rules to a monotone operator

Let /A be a set of ground rules on U.
We associate to < a function
Fr:P(U) — P(U)
defined by:
Fr(X)={xe U|3(S,x) € RwithSC X }.

Intuitively, Fz(X) is the set of all conclusions that can be drawn in one step
using premises in X.

Fact. Fx is monotone:
XCY = Fgr(X)C Fg(Y).
The set inductively defined by / will later be seen as the least fixed point of F5

(we will show this connection with the fixed-point definition of inductive sets).
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Rule induction: finite traces (may termination)

Consider an LTS with a single observable label and write P | for “P may
terminate” (there exists a finite trace from P to a stopped process).

We define | by the following rules:

Pi d P—P P
is stoppe (AX) — + (INF)
Pl Pl

@ The judgement P | means: P can reach a stopped process in finitely
many transitions.

@ This is an inductive definition: we only allow finite proof trees from the
rules.

Davide Sangiorgi, Peter Thiemann Winter 2025/26

8/26



Equivalent readings for | (1)

Same rules:
P is stopped P— P P
Plostopped (axy  EZF P L (1
Pl Pl
Equivalent readings of ~ |:
@ The processes F for which there exists a finite proof tree of P | from the
rules.
@ The processes F that can reach a stopped process in a finite number of
transitions.

@ The elements of the least set closed forward under the rules.

Davide Sangiorgi, Peter Thiemann Winter 2025/26 9/26



Equivalent readings for | (2)

Example of finite proof for some processes in an LTS:

Processes Fs, P; are stopped. Then we obtain proofs such as:

P P, stopped
Py — Py 5S1OPPED 5 Py — P, TSP
Ps | (INF) Prl (INF)
Ps | P> |

and so on, building a finite derivation for P; | and for 7, |.
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Equivalent readings for | (3)

@ Mark all stopped states as good (they satisfy |).

@ Then propagate the mark backwards: whenever 7 — P’ and P’ is good,
then P is good.

@ After finitely many steps, we obtain exactly the processes P such that P |.

This is a constructive reading of the least closed set.
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Equivalent readings for | (4)

Let S C U be a set of processes.

S is closed forward under the rules for | if:

@ whenever P is stopped, then P < S;

@ whenever P — P and P’ € S, thenalso P < S.
Then:

@ the set of all P such that P | is the smallest set S that is closed forward
under the rules;

@ this is exactly the least fixed point of the associated operator Fx.
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Using rule induction for finite traces

Rule induction principle
Let 7 be a property of processes (a predicate). Suppose:

@ 7(P) holds for all stopped processes F;
@ whenever P — P and T(F') holds, then 7(F) also holds.
Then 7(FP) holds for all ~ such that 7 |.

@ This is the induction principle associated with the inductive definition of |;

@ to show that all may-terminating processes enjoy property 7, it suffices to
show that T is closed forward under the rules.
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Example of rule induction for finite traces

Let 7 be a partial function from processes to values.
f(P)=0 if P stopped
f(P) = min{f(P') +1 | 3P', P — P" and f(P’) defined} otherwise
Observe:
e f(P) is defined for every stopped process F;
e for every transition P — ', if f/(P') is defined, then 7(P) is defined.

Let 7(7) mean “/(P) is defined”. Then T is closed under the rules for |,
hence by rule induction:

if P | then f(P) is defined.

So 7 is defined on all processes that may terminate.
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Closed sets and forward construction

@ Start from the empty set S, — (/.
@ Repeatedly apply the rules forward:

Sip1=8U F/:{(S,‘).

@ Take the union S, = U/go S;.

@ S is the smallest set closed forward under the rules.
@ It coincides with the set of all ~ such that P |.

@ This is another reading of the least fixed point via iterated approximation
from below.
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Rule coinduction: w-traces (non-termination)

We now define a predicate P 7, meaning: “P has an infinite trace (does not
terminate)”.

Coinductive rule (indicated by thick line):
P—P P1,

(COINF)
Pt

@ There is no axiom: only the infinite unfolding of the rule.
@ Reading: P has an w-trace if it can perform a step to some ~’ that again

has an w-trace.
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Equivalent readings for | .. (1)

Same rule:
P—P P,

Pty

Equivalent readings of ° | :
@ There exists an infinite proof tree for P 7., using the rule.

@ There exists an infinite path
P=Py— P — P, — ---
(an w-trace).

@ P belongs to the largest set closed backward under the rule.
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Equivalent readings for | .. (2)

Suppose there is a cycle

P1 — P2 — P1‘
Then we can build an infinite proof:
P1Tu}r PZTw", P1T;~‘*---

This corresponds to the infinite trace
Py, Po, Py, Po, ...
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Equivalent readings for |, (3)

Let S C U be a set of processes.

S is closed backward under the rule if:

if P € S then there exists P € S such that P — P'.

Then:

o take the set of all P such that P 7, is the largest set S that is closed
backward;

@ this is the greatest fixed point of the associated operator .
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Rule coinduction principle for w-traces

Rule coinduction
Let 7 be a property of processes. Suppose:

@ whenever P « T there exists #' ¢ T such that » — F'.
Then 7(FP) implies 7 1., for all 7.

@ T is a post-fixed point of the operator associated with the rule.

@ By maximality of the greatest fixed point, T is contained in the set of all
processes admitting an w-trace.
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Example of rule coinduction for w-traces

Consider a set T of processes, for instance 7 = {P;. P }. Foreach P ¢ T
there is a transition to another element of 7, hence:

@ T is closed backward under the rule for 7 ;
@ hence every P < T satisfies P 1.

Exercise. Would 7 = {P. P>, P, } be closed backward?
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Equivalent readings for | .. (4)

Still with the rule
P—P P 1,

P 1Ty

Equivalent readings:
@ Processes reachable by an infinite proof tree.

@ Largest set of processes that is closed backward under the rule.

@ (iterative construction) start with the set Fr of all processes;
repeatedly remove a process P from the set if one of the following
conditions applies (i.e.,the backward closure fails):

@ P has no transitions,
o all transitions from P lead to processes that are not in the set.
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An inductive definition: finite lists over

We want to define the set L of finite lists over a set A.
el acA
a:ltel

(NIL) (Cons)

nil € L

Inductive reading

@ [ is the smallest set of strings built from A by finitely many applications of
these rules.

@ Equivalent: start from () and repeat adding lists using the rules forwards.

v

A set T is closed forward

@ nile T

@ /c Timpliesa:: /< T,forallac A

v

Inductive proof method for lists
Let 7 be a predicate on lists. If T is closed forward, then 7 holds for all lists.
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A coinductive definition: finite and infinite lists

Using the same rules:

fel acA
(NIL) - (CONS)
nil € L a:lel

Coinductive reading.

@ [ is now the largest set of (finite and infinite) lists closed under the rules.

@ A (possibly infinite) list is in L if it can be viewed as being built backwards
by repeatedly stripping the head.

@ Equivalent: keep removing strings while the backward-closure condition
is preserved.

This yields the usual notion of streams over A: all finite and infinite lists over A.
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A coinductive definition: finite and infinite lists (2)

Using the same rules:

fel acA
(NIL) - (Cons)
nil € L a:lel

A set T is closed backward if for all

@ either i = nil

@orif=a:l,forsome/ < T and ac A.

Coinductive proof method

To prove that / is a finite or infinite list, find a set D with / < D and D closed
backward.
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A final inductive definition: natural numbers!

We want to define the set /N of natural numbers.

neN
ZERO —— (Succ
ZeN ( ) S(n) e N ( )

Inductive reading

@ /Vis the smallest set of objects build by finitely many applications of these
rules.

@ Equivalent: start from (! and repeat adding elements using the rules
forwards. J

A set X is closed forward

e ZcT
@ nc Timplies S(n) € T

v

Inductive proof method for natural numbers

Let 7 be a predicate on natural numbers. If T is closed forward, then T holds
for all natural numbers.
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